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Abstract

Internally cooled or heated liquid desiccant–air contact units can be used for effective air dehumidification or desiccant regeneration,
respectively. One-dimensional differential equations were utilized in the present study to describe the heat and mass transfer processes
with parallel/counterflow configurations. The effects of solution film heat and mass transfer resistances, the variations of solution mass
flow rate, non-unity values of Lewis factor and incomplete surface wetting conditions were all considered in the differential model. On
considering the relatively narrow ranges of operating conditions in a specified application, the equilibrium humidity ratio of desiccant
solution was assumed to be a linear function of its temperature and concentration. Constant approximations of some properties and
coefficients were further made to render the coupled equations linear. The differential equations were rearranged and an analytical solu-
tion was developed for newly defined parameters. For four possible flow arrangements and three types of commonly used liquid desiccant
solutions, results of analytical solutions were compared with those of numerical integrations over a wide range of operating conditions,
and the agreement was found to be quite satisfactory. Further, the heat and mass transfer performances were analyzed and some guid-
ance to improve the unit design was provided.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Liquid desiccant cooling system driven by solar energy
or other heat sources has been emerged as a potential alter-
native or as a supplement to conventional vapor compres-
sion (V-C) systems for cooling and air conditioning.
Dehumidification and regeneration are the key processes.
Internally cooled or heated liquid desiccant–air contact
units have been widely concerned for their potential appli-
cations in effective air dehumidification, desiccant regener-
ation or high capacity energy storage systems [1–5].

The internally cooled or heated liquid desiccant–air con-
tact units will generally be categorized either as coil-type
[1–3,6–13] or plate type [14,15] heat and mass exchangers.
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In coil-type exchangers, the cooling or heating fluid flows
inside the coil-tubes while the desiccant solution flows over
the outer surface of the tube banks in direct contact with
the air. The flow pattern of coil-type exchangers can be
easily arranged as parallel/counterflow configurations
[1–3,6–10]. Due to the difficulty in manufacturing, plate
type exchangers are usually as crossflow pattern. Kessling
et al. [4,5] designed and manufactured a new type of dehu-
midifiers where the cooling fluid flows inside the tube-like
channels within double plates and the flow pattern is in
generally parallel/countercurrent flow configurations. Jain
et al. [16] tested a falling film tubular type of absorber,
where both air and solution flow inside the tubes from
top to bottom while the cooling water is circulated through
the shell from bottom to top.

Different mathematical models have been developed for
the internally cooled or heated liquid desiccant–air contact
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Nomenclature

a interface area for heat transfer per unit length of
the exchanger (m2/m)

af fluid-to-solution heat transfer area per unit
length of the exchanger (m2/m)

aM interface area for mass transfer per unit length
of the exchanger (m2/m)

A coefficients matrix in Eq. (25)
bij; kij elements of coefficients matrices B and K,

respectively
B0–B2 constants in Eqs. (11) and (14) etc.
B coefficients matrix in Eq. (35)
cp specific heat capacity (kJ/ kg �C)
cp;da specific heat capacity of dry air (kJ/ kg �C)
C�s ;C

�
f solution and fluid to dry air heat capacity rate

ratios, respectively
C1–C3 coefficients in Eq. (30)
d a constant in Eq. (37)
D0 a coefficient in Eq. (37)
et; en coefficients in Eq. (15)
eðNTUxÞ diagonal matrix defined in Eq. (34)
E identity matrix
F coefficients matrix in Eq. (39)
g constants vector in Eq. (39)
h specific enthalpy (kJ/kg)
hab heat of absorption or desorption hab ¼ hv � ĥw

(kJ/kg)
hDG interface-to-air convective mass transfer coeffi-

cient (kg/m2 s)
hDL solution-to-interface convective mass transfer

coefficient (kg/m2 s)
hfg;0 evaporation heat of pure water at reference tem-

perature (0 �C) (kJ/kg)
�hfg a normalized heat of evaporation at reference

condition (0 �C)
hG interface-to-air convective heat transfer coeffi-

cient (kW/m2 �C)
hL solution-to-interface convective heat transfer

coefficient (kW/m2 �C)
ĥw partial enthalpy of water in desiccant solution

ĥw ¼ hs � n ohs

on (kJ/kg)
K coefficients matrix in Eq. (30)
La; Lf ; Ls lengths in the directions of air, fluid and solu-

tion streams, respectively
Lef Lewis factor
_m mass flow rate (kg/s)
mR air to solution mass flow rate ratio
NTU number of air side heat transfer units

NTUx dimensionless coordinate defined as
dNTUx ¼ NTUd�xs

P 1–P 4 coefficients in Eqs. (18) and (19)
r a ratio of heat transfer capacitances
Rcv water vapor to dry air specific heat capacity

ratio
Rh air phase to solution phase heat transfer coeffi-

cients ratio
RhD air phase to solution phase mass transfer coeffi-

cients ratio
t temperature (�C)
U overall heat transfer coefficient between fluid

and solution (kW/m2 �C)
W humidity ratio (kg/kg(a))
xa; xf ; xs space coordinates originated from the inlets of

air, fluid and solution streams, respectively
Y function variable vector defined in Eq. (26)

Greek symbols

D change of or difference between parameters
da; df flow direction indicators for air and fluid

streams, respectively
# dimensionless temperatures defined in Eq. (23)
k1 � k3 roots of the characteristic equation
r surface wettability
n desiccant concentration (kgsalt/kgsolution)

Subscripts

a of air or on air side
av averaged value
B bottom position
e of air in equilibrium with desiccant solution
f of fluid stream
i inlet
I at interface
max maximum value
min minimum value
o outlet
s of, at or in equilibrium with bulk solution
T top position
v of water vapor
x local position

Superscripts

a of analytical results
n results by numerical integration of the one

dimensional differential equations
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units. Generally, the bulk flow model of energy and mass
balance equations for an air stream, a solution stream
and a cooling or heating fluid stream were utilized to
describe the heat and mass transfer performances. One-
dimensional models were utilized for parallel/countercur-
rent flow configurations [1–10,16]. Two-dimensional mod-
els were developed by Khan et al. [12,13] for the cross
flow type absorbers where the refrigerant or coolant water
flows in counterflow direction to the process air and in
cross-flow direction to the solution. More complicated



(a) Schematic of the 
exchanger

(b) A differential element 

Fig. 1. Physical model of internally heated/cooled liquid desiccant–air
contact unit.
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differential models [14,17] concerns with the absorption
processes coupled with evaporative cooling in the alterna-
tive channels. Heat and mass transfer resistances between
the bulk film of solution and the film surface were often
neglected [4–10,12–14,16,17]. Thus overall gas phase heat
and mass transfer coefficients should better be utilized to
obtain more accurate simulation results. In Hellmann
and Grossman’s model [3], solution film heat and mass
transfer resistances were introduced in their model equa-
tions. The outer surface of the tube banks was assumed
to be uniformly wetted and Lewis factor was assumed to
be equal to unity. However, the conditions of non-unity
values of Lewis factor and incomplete surface wetting
conditions were observed and addressed by many investi-
gators. Peng and Howell [6,7] had taken the effects of
incomplete surface wetting conditions into their one-
dimensional differential models, where the effect of non-
unity values of Lewis factor and fin efficiency factor was
also considered in a combined parameter. Howell et al.
[8] performed simulations and experiments on a coil-type
absorber using TEG as desiccant. MR was varied from 1
to 15. It was found that the experimental data could be cor-
related with predictions of a simulation model only if a
very small fraction of the exchanger surface was supposed
to be wetted by the desiccant solution. Further, some com-
putational results of a fully three dimensional model for the
coupled heat and mass transfer between a desiccant film
and air in cross-flow (Park et al. [11]) showed a higher mass
transfer and a lower heat transfer than observed in the
experiment, indicating that a part of the fin surface was
not wetted. In determining the mass transfer coefficients
from experimental data, Kessling et al. [4,5] found that bet-
ter results were also obtained for small MR values or with
improved surface wetting conditions. By comparing the
model predictions with the experimental data, Jain et al.
[16] suggested two wetness factors to account for the
effect of improper wetting on the heat and mass transfer
performances. For simplicity, several differential models
neglected the effect of the variation of solution mass flow
rate on the solution mass balance equation [6–8,16] and
on the energy balance equations [6–8]. Sometimes, the sen-
sible heat of water vapor in calculating the moist air
enthalpy was not accounted for [9]. Some other investiga-
tors did not distinguish the latent heat of vaporization of
pure water from the enthalpy of water vapor transferred
[10] or the absorption heat for water vapor into solution
[16]. For better simulations, a general one-dimensional
model should take into consideration the effects of the solu-
tion film heat and mass transfer resistances, non-unity val-
ues of Lewis factor, incomplete surface wetting conditions,
the variation of solution mass flow rate and sensible heat of
water vapor on mass and/or energy balance equations.

For optimum design of desiccant cooling systems and
annual energy performance analyses, it is most desirable
to obtain an analytical solution to the general differential
equations. Hellmann and Grossman [3] developed an ana-
lytical model. In deduction, however, the mass transfer
coefficients on the solution side and air side were assumed
to be equal and the solution film heat transfer resistance
was neglected. Further, the averaged heat transfer potential
between the solution and the cooling or heating fluid was
approximated by a logarithmic mean temperature differ-
ence. In addition, it was assumed that both the water con-
tent and enthalpy of air at the solution–air interface change
linearly along the space coordinate. Khan [13] provided an
easy to use model similar to the effectiveness-NTU method
for a two stream counter flow heat exchanger. However,
the generality of the analytical expression is not acceptable
without theoretical justification. In the present study, the
general differential equations were rearranged and an ana-
lytical solution was developed. For the four possible flow
arrangements of the parallel/counterflow configurations
and three types of commonly used liquid desiccant solu-
tions, results of analytical solutions were compared with
those of numerical integrations over a wide range of oper-
ating conditions and the agreement was found to be quite
satisfactory. Further, the heat and mass transfer perfor-
mances were analyzed and some guidance to improve the
unit design was provided.

2. Physical model

The physical model for the internally cooled or heated
liquid desiccant–air contact units can be shown schemati-
cally in Fig. 1a. In this model, a wettability factor was uti-
lized to describe the effect of incomplete surface wetting
conditions. Also, Lewis factor was not necessary set as
unity even for the uniformly wetted conditions.

However, as found in many conventional practices
[2–10,12–14,16,17], the following assumptions were still
adopted in the present study:

(1) zero wall, air thermal and moisture diffusivity in the
flow directions;



Fig. 2. Four different flow arrangements in internally heated/cooled liquid
desiccant–air contact units.
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(2) no heat transfer to the surroundings;
(3) constant specific heats of air, solution and the fluid,

constant heat and mass transfer coefficients, constant
surface wettability and constant Lewis factor along
the height of the exchanger.

The present study was confined to the cases with mass
flow rate of desiccant solution being much greater then
the minimum required by the equilibrium calculation so
that the changes in the concentration and the flow rate
would be relatively small (e.g., with MR = 0.64–18.67 for
the cases to be discussed in Section 6). For higher MR val-
ues, however, the accuracy of the analytical model to be
developed would be reduced.

3. Differential equations

By principles of energy and mass conservation, a set of
differential equations can be obtained for a differential ele-
ment as shown in Fig. 1b as follows:

Energy balance equation for air

_madha ¼ hGaðtI � taÞ þ hv;IhDGaMðW I � W aÞ½ �Lad�xa ð1Þ
Mass balance equation for air

_madW a ¼ hDGaMLaðW I � W aÞd�xa ð2Þ
Energy balance equation for fluid stream

_mf cpfdtf ¼ UafLfðts � tfÞd�xf ð3Þ

Energy balance equation for the differential element

dð _mshsÞ þ _mfcpfdtf � df þ _madha � da ¼ 0 ð4Þ

Mass balance equation for the differential element

d _ms ¼ �
_ms

ns

dns ¼ �da _madW a ð5Þ

Mass balance equation for solution–air interface

�hDLaMðns � nIÞ ¼ hDGaMðW I � W aÞ ð6Þ
Energy balance equation for solution–air interface

hLaðts � tIÞ ¼ hGaðtI � taÞ þ hab;IhDGaMðW I � W aÞ ð7Þ
In above equations, d�xa ¼ dxa=La, d�xs ¼ dxs=Ls and
d�xf ¼ dxf=Lf represent differential dimensionless coordi-
nates with respect to the flow lengths. For the parallel/
counterflow configurations, we have La ¼ Ls ¼ Lf ¼ L.
da ¼ d�xa=d�xs and df ¼ d�xf=d�xs are flow direction indicators
for air and fluid streams, respectively, and will be equal to
�1, depending on the flow arrangements as shown in
Fig. 2. hab;I ¼ hv;I � ĥw;I is the heat of absorption or desorp-
tion at interface conditions.

The above equations are incomplete and other equations
should be supplemented. For specific enthalpy of moist air,
the following equation applies:

ha ¼ ðcp;da þ W acpvÞta þ W ahfg;0 ð8Þ

For energy change of desiccant solution, the Gibbs equa-
tion applies
dð _mshsÞ ¼ _mscpsdts þ ĥw;sd _ms ð9Þ
Eqs. (1)–(9) should be integrated subjecting to the fol-

lowing boundary conditions:

ta ¼ ta;i;W a ¼ W a;i for �xa ¼ 0

ts ¼ ts;i; ns ¼ ns;i; _ms ¼ _ms;i for �xs ¼ 0

tf ¼ tf;i for �xf ¼ 0

8><
>: ð10Þ

In integration, the equilibrium humidity ratio and other
properties of desiccant solution are functions of its temper-
ature and concentration and can be calculated according to
an accurately fitted equation of the published data [18,19].

4. Deduction of dimensionless differential equations

Rearrange Eqs. (1)–(4) and (8)–(9) to give

dta ¼
1

B1

ðtI � taÞNTUd�xa ð11Þ

dW a ¼ ðW I � W aÞ
r

Lef

NTUd�xa ð12Þ

dtf ¼ �ðtf � tsÞ
r

C�f
NTUd�xf ð13Þ

dts ¼ �df

C�f
C�s

dtf � da

B0

C�s
dta � da

B2
�hfg

C�s
dW a ð14Þ

In above equations, B0 ¼ ð1þ W aRcvÞ, B1 ¼ B0=½1þ Rcv
r

Lef
ðW I � W aÞ� and B2 ¼ ðhv;a � �hs;wÞ=hfg;0. hv;a ¼ hfg;0þ

cpvta is the specific enthalpy of water vapor in air. The def-
initions of the other grouped parameters in Eqs. (11)–(14)
are given as follows:

NTU ¼ ðhGaLÞ=ð _macp;daÞ the number of air side sensible
heat transfer units;

r ¼ Uaf

hGa a ratio of sensible heat transfer capacitances;

C�s ¼
_mscps

_macp;da
and C�f ¼

_mf cpf

_macp;da
solution to dry air and fluid to

dry air heat capacity rate ratios, respectively;
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�hfg ¼ hfg;0=cp;da a normalized heat of evaporation at refer-
ence condition (0 �C);

Rcv ¼ cpv=cp;da water vapor to dry air specific heat capacity
ratio;

Lef ¼ hG=ðhDGcp;daÞ Lewis factor for air water mixture;
r ¼ aM=a surface wettability.

The total differential of equilibrium humidity ratio is

dW e ¼ etdts þ endns ð15Þ
Here et ¼ oW e

ots
and en ¼ oW e

ons
. For a relatively narrow range of

operating conditions, the equilibrium humidity ratio can be
approximated as a linear function of the solution tempera-
ture and concentration. Thus, both et and en can be
approximated as constant coefficients for a specified appli-
cation. Integrating Eq. (15) from interface to bulk solution
gives an approximate relation as

W s � W I ¼ etðts � tIÞ þ enðns � nIÞ ð16Þ

Substitute Eq. (6) into Eq. (16) to give

W s � W I ¼ etðts � tIÞ þ enRhDðW a � W IÞ ð17Þ
Here RhD ¼ hDG=hDL represents the ratio of gas phase mass
transfer coefficient to the liquid phase mass transfer coeffi-
cient. Solving Eqs. (7) and (17) simultaneously gives

W I ¼
1

1þ P 1

W s þ
P 1

1þ P 1

W a �
P 2

1þ P 1

ts � ta

�hfg

ð18Þ

tI ¼ ð1� P 3Þts þ P 3ta � P 4
�hfgðW s � W aÞ ð19Þ
A ¼ ðaijÞ3�3 ¼

� df

C�
f
þ 1

C�s

� �
r 1

C�s

1�P 3

B1
B0 � B2

P 2

1þP 1

r
Lef

� �
1

C�s

B2

1þP 1

r
Lef
� B0P 4

B1

h i
r

C�s
� B0

C�s
þ da

� �
1�P 3

B1
þ B2P 2

C�s ð1þP 1Þ
r

Lef

B0

C�s
þ da

� �
P 4

B1
� B2

C�s ð1þP 1Þ
r

Lef

et�hfg

C�s
r � et�hfg

C�s

B0ð1�P 3Þ
B1
þ B3

P 2

1þP 1

r
Lef

et�hfgB0P 4

C�s B1
� B3

1þP 1

r
Lef

0
BBBB@

1
CCCCA ð27Þ
Here

P 1 ¼ �enRhD þ
hab;I

hfg;0

r
Lef

P 2

P 2 ¼ et
�hfg

Rh

1þ Rh

P 3 ¼
1� enRhD

ð1þ P 1Þet
�hfg

P 2

P 4 ¼
P 1 þ enRhD

ð1þ P 1Þet
�hfg

Rh ¼ hG=hL

Substitute Eqs. (18) and (19) into Eqs. (11) and (12) to give

dta¼
1

B1

ð1�P 3Þðts� taÞ�P 4
�hfgðW s�W aÞ

� �
NTUd�xa ð20Þ

dW a¼ �
P 2

ð1þP 1Þ�hfg

ðts� taÞþ
1

1þP 1

ðW s�W aÞ
� �

r
Lef

NTUd�xa

ð21Þ
Substituting Eq. (5) into Eq. (15) gives

dW s ¼ etdts þ dansmRendW a ð22Þ

Here mR ¼ _ma

_ms
represents the air to solution mass flow rate

ratio.
Let’s define dimensionless temperature as

# ¼ t=�hfg ð23Þ

Further define three new grouped parameters as

D#fs ¼ #f � #s; D#sa ¼ #s � #a and DW sa ¼ W s � W a

ð24Þ

Using these definitions to rearrange Eqs. (13)–(14) and
(20)–(22), we can get the following set of differential
equations:

d

dNTUx

Y ¼ AY ð25Þ

In this matrix equation, dNTUx ¼ NTUd�xs, the variable
vector Y represents a set of newly defined parameters in
Eq. (24)

Y ¼ D#fs;D#sa;DW sað ÞT ð26Þ

and A represents the coefficients matrix
Here B3 ¼ da þ et�hfg

C�s
B2 � nsmRen.

The boundary conditions of Eq. (10) are rewritten in
dimensionless form as

#a ¼ #a;i; W a ¼ W a;i for �xa ¼ 0

#s ¼ #s;i; ns ¼ ns;i; mR ¼ mR;i for �xs ¼ 0

#f ¼ #f ;i for �xf ¼ 0

8><
>: ð28Þ
5. Analytical approach

Generally, all the elements in the coefficients matrix can
be approximated as constants. From assumptions in Sec-
tion 2, we can see that parameters r, C�f , r, Lef, Rh, RhD

and �hfg are constants. The changes of the mass flow rate
and the concentration of the desiccant solution are usually
small and the values of these variables appeared in above
equations can be evaluated as the averaged values. B0, B1
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and B2 are approximately equal to unity and can also be
approximated as constants too. By above approximations,
Eq. (25) represents a set of linear and homogeneous ordin-
ary differential equations and can be solved analytically
subjecting to the boundary condition of Eq. (28).

For Eq. (25), the characteristic equation is as following:

kE� Aj j ¼ 0 ð29Þ

Within the practical range of the operating conditions,
numerical calculation shows that the solution of this char-
acteristic equation will give three different real roots. Thus,
the analytical solution of Eq. (25) can be expressed as
follows:

Y ¼ KðC1ek1NTUx ;C2ek2NTUx ;C3ek3NTUxÞT ð30Þ

The elements of coefficients matrix K ¼ ðkijÞ3�3 can be
determined by the following equation:

ðkiE� AÞðk1i; k2i; k3iÞT ¼ 0 ð31Þ

By satisfying Eq. (30) to the top boundary condition, i.e.,
for NTUx ¼ 0, Y ¼ YT, we can get

ðC1;C2;C3ÞT ¼ K�1YT ð32Þ

Here YT ¼ ðD#fs;T ;D#sa;T;DW sa;TÞT. By substituting Eq.
(32) into Eq. (30), we get

Y ¼ KeðNTUxÞK�1YT ð33Þ

where

eðNTUxÞ ¼
ek1NTUx 0

ek2NTUx

0 ek3NTUx

0
B@

1
CA ð34Þ

Setting NTUx ¼ NTU in Eq. (33), we can get the function
vector at the heat exchanger’s bottom position as

YB ¼ BYT ð35Þ

where the coefficients matrix B is defined as

B ¼ ðbijÞ3�3 ¼ KeðNTUÞK�1 ð36Þ

With known inlet conditions Eqs. (28) and (35) corre-
lates five unknown variables #f ;o, #s;o, W s;o, #a;o and W a;o

in three linear algebraic equations. In order to solve for
these variables, other confinements should be imposed.
Integrating Eq. (22) and rewriting the resultant equation
in dimensionless form give an expression for the equilib-
rium humidity ratio as follows:

W s;x ¼ d þ et
�hfg#s;x þ D0ðW a;x � W a;TÞ ð37Þ

Here, d is a constant and D0 ¼ da � ðnsmRenÞav. Integrating
Eq. (14) and rewriting the resultant equation in dimension-
less form give an energy balance equation as follows:

C�s ð#s;x � #s;iÞ þ C�f dfð#f;x � #f;TÞ þ B0dað#a;x � #a;TÞ
þ B2daðW a;x � W a;TÞ ¼ 0 ð38Þ
Substituting Eq. (37) for bottom position into Eq. (35)
can eliminate W s;o in the equations. By combining the
resultant equations with Eq. (38) for bottom position, the
following set of equations can be obtained after some
rearrangements:

Fð#f;o; #s;o; #a;o;W a;oÞT ¼ g ð39Þ
where the expressions for coefficients matrix F and vector g

for different flow arrangements are given in Appendix A.
Solving Eq. (39) will give the dimensionless outlet parame-
ters to be determined. If parameter distribution needs to be
calculated, Eq. (33) should only be solved explicitly using
dimensionless parameters vector YT as input parameters,
which can be determined from given values or analytical re-
sults of parameters at the top position of the exchanger.
This solution gives the dimensionless parameters defined
in Eq. (24) at any local positions. Further, Eq. (37) can
be rewritten as

W a;x ¼ W a;T þ ðDW sa � d � et
�hfg#s;x þ W a;TÞ=ðD0 � 1Þ

ð40Þ
Substituting Eq. (40) into Eq. (38) and rearranging the
resultant equation will give an equation for calculating
#s;x as follows:

#s;x ¼ G1 � C�f dfD#fs þ B0daD#sa �
B2da

D0 � 1
DW sa

� 	

G2

ð41Þ
where G1 ¼ C�s#s;T þ C�f df#f ;T þ B0da#a;T � B2da

D0�1
ðW a;T � dÞ

G2 ¼ C�s þ C�f df þ B0da � et
�hfg

B2da

D0 � 1

Based on the analytical results of parameters defined in Eq.
(24) and #s;x, other dimensionless parameters such as #f;x,
#a;x and W a;x can be easily calculated.

6. Solution procedures

For a given set of control parameters ( _mR;i or C�s;i, C�f , r,
r=Lef , Rh, RhD and NTUÞ and inlet conditions, it will still
be necessary to evaluate at first the constants and coeffi-
cients d, et, en, D0, mR;av or C�s;av, B0–B3, P 1–P 4 for an ana-
lytical solution. In evaluating the values of mR;av or C�s;av,
B0–B3, P1 and P4, the arithmetic mean values of tempera-
tures, concentrations and humidity ratios at extremity con-
ditions are used. d, et, en and D0 are evaluated according to
the following equations:

et ¼ ½W sðts;max;nmaxÞ þW sðts;max;nminÞ �W sðts;min;nmaxÞ
�W sðts;min;nminÞ�=½2ðts;max� ts;minÞ� ð42Þ

en ¼ ½W sðts;max;nmaxÞ þW sðts;min;nmaxÞ �W sðts;max;nminÞ
�W sðts;min;nminÞ�=½2ðnmax� nminÞ� ð43Þ

d ¼ ½W sðns;i; ts;maxÞ þW sðns;i; ts;minÞ þW sðns;i; ts;avÞ�=3� etts;av

ð44Þ
D0 ¼ daenns;i

mR;i

1�mR;iðW a;o�W a;iÞ
ð45Þ

Here, ts;av ¼ ðts;max þ ts;minÞ=2.



Table 1
The procedure for the iterative processes of an analytical solution

Step no. Contents to be calculated/evaluated Equations utilized

Solution procedure for outlet parameters

1a ts;max; ts;min; nmax; nmin; d; et; en;D0;mR;av;C�s;av;B0–B3; P 1–P 4 Eqs. (42)–(47) and expressions for mR, C�s , B0–B3 and P 1–P 4

2 aij in matrix A Eq. (27)
3 k1 � k3 Eq. (29)
4 kij in matrix K Eq. (31)
5 bij in matrix B Eq. (36)
6 fij in matrix F, gi in vector g Equations in Appendix A
7 #f ;o; #s;o; #a;o;W a;o Eq. (39)
8 tf;o; ts;o; ta;o; ns;o Eq. (23) and expression for ns;o

9 Repeat steps 1–8 until converged results of outlet parameters are obtained

Solution procedure for parameter profiles

10 D#fs;D#sa;DW sa Eq. (33)
11 #s;x Eq. (41)
12 W a;x Eq. (40)
13 #f ;x; #a;x Eq. (24)
14 tf;x; ta;x; ts;x Eq. (23)

a Initially, let ta;o ¼ ta;i, W a;o ¼ W a;i, ts;min ¼ ts;o ¼ ts;i, nmin ¼ ns;o ¼ ns;i, ts;max ¼ ts;min+1 and nmax ¼ nmin+ 0.001 for an arbitrary evaluation.
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In calculation, nmin, nmax, ts;min and ts;max are to be eval-
uated either. Though generally the solution is either cooled
or heated, the extremity values of desiccant solution tem-
peratures will not always be found at the inlet and outlet
positions. A vertex point of ts;x (also #s;xÞ may happen at
a position with the corresponding NTUx being located in
the open interval ð0;NTUÞ. Thus, a special scheme is
needed for finding the possible vertex point. For this pur-
pose, Eq. (41) is differentiated with respect to NTUx to
give:

d#s;x

dNTUx

¼ � 1

G2

C�f df

dD#fs

dNTUx

� B0da

dD#sa

dNTUx

�

þ B2da

D0 � 1

dDW sa

dNTUx

	
ð46Þ

The differential terms on the right hand side of Eq. (46) can
be calculated according to an equation obtained by differ-
entiating Eq. (33) as follows:

dY

dNTUx

¼ K
deðNTUxÞ

dNTUx

K�1YT ð47Þ

For the possible vertex point of #s;x, d#s;x

dNTUx
should be equal

to zero and this position can be found using the binary
search algorithm. Values of ts;min and ts;max are determined
by comparing the values of bulk solution and interface
temperatures at the endpoints and the possible vertex point
inside the closed interval ½0;NTU� (if it exists). For practi-
cal dehumidification and regeneration processes, the solu-
tion is either diluted or concentrated. Thus, the nmin and
nmax are determined by comparing the values of bulk solu-
tion and interface concentrations at the same positions. In
calculation, the outlet concentration can be calculated as
ns;o ¼ ns;i=½1� mR;iðW a;o � W a;iÞ� and interface parameters
can be calculated using Eqs. (6), (18) and (19).

In above evaluations, outlet parameters are needed.
Thus, an iterative procedure will be utilized for an
analytical solution. Usually, 3–5 steps in iteration will be
needed. Based on above discussions, a procedure for the
iterative processes of the analytical solution is presented
in Table 1.
7. Comparison and analysis

In order to demonstrate the validity of the analytical
approach, results of analytical solutions and numerical
integrations were compared for a set of typical operating
conditions using three different desiccant solutions (LiBr,
LiCl, CaCl2). Much accurate solutions of differential equa-
tions (1)–(10) can be obtained through numerical integra-
tion. In calculation, Eqs. (11)–(14) are used instead of
Eqs. (1)–(4) and (9) for convenience. For analytical solu-
tion, constant approximations of mR;av or C�s;av, B0, B1,
B2, P1, P2, P3 and P4 and linear approximation of satura-
tion humidity were adopted. These were the only differ-
ences between the analytical solutions and numerical
integrations. For comparison, a base case condition was
selected as with tf ;i ¼ 20 �C, ts;i ¼ 30 �C, ni ¼ 35%, ta;i ¼
35 �C, W a;i ¼ 0:02155 kg/kg (a), C�f ¼ 4, C�s;i ¼ 0:5, r ¼ 8,
Rh ¼ 0, RhD ¼ 0, r=Lef ¼ 1 and NTU ¼ 3, using the aque-
ous LiCl solution. Other cases were obtained by varying a
variable or two from low to high values at a time. The
ranges of these variables were selected as to include most
of the cases usually encountered in practical applications
or for theoretical investigation purposes as follows:
tf;i ¼ 20–65 �C, C�f ¼ 2–16, ts;i ¼ 25–55 �C, ni ¼ 10–55%,
C�s;i ¼ 0:15–4, ta;i ¼ 25–45 �C, W a;i ¼ 0:01095–0:03289, r ¼
2–64, Rh ¼ 0–1 and RhD ¼ 0–5000, r=Lef ¼ 0:5–1.5 and
NTU ¼ 0:2–10:0. Relative errors for outlet concentration
of solution, outlet humidity and enthalpy of air were
defined as the ratios of the difference between the analytical
and the numerical results to the overall changes by numer-
ical integrations (see in Table 2 for the mathematical
expressions). Firstly, comparison was made for the four
different flow arrangements of Fig. 2 under the base case



Table 2

Comparison of outlet parameters from analytical model and numerical integration for flow arrangement of Fig. 2a

Given conditions Analytical results Numerical integration Effectiveness Rel. errors

Case

no.

Salt tf;i

(�C)

ts;i

(�C)

ns;i ð%Þ ta;i

(�C)

W a;i kg/

kg(a)

C�f ;i C�s;i r Rh RhD
r

Lef
NTU tf ;o

(�C)

ts;o

(�C)

ns;o ð%Þ ta;o

(�C)

W a;o kg/

kg(a)

tf;o

(�C)

ts;o

(�C)

ns;o ð%Þ ta;o

(�C)

W a;o kg/

kg(a)

eW eh en ð%Þ eW ð%Þ eh ð%Þ

1 LiCl 20 30 35 35 0.02155 4 0.5 8 0 0 1 3 31.46 34.22 32.32 25.53 0.00675 31.47 34.12 32.33 25.4 0.00679 0.848 0.796 �0.37 �0.27 �0.07

2 LiCl 20 30 35 35 0.02155 4 0.5 8 0 0 1 0.2 22.41 27.43 34.48 33.69 0.01887 22.41 27.47 34.48 33.7 0.01887 0.154 0.137 0.00 0.00 0.13

3 LiCl 20 30 35 35 0.02155 4 0.5 8 0 0 1 10 33.87 35.99 31.89 21.74 0.00411 33.63 35.67 31.97 21.53 0.0046 0.974 0.955 �2.64 �2.89 1.81

4 LiCl 20 30 35 35 0.02155 4 0.5 8 0 0 0.5 3 29.88 31.85 32.84 25.35 0.00977 29.91 31.83 32.83 25.31 0.00977 0.677 0.671 0.46 0.00 �0.10

5 LiCl 20 30 35 35 0.02155 4 0.5 8 0 0 1.5 3 32.06 35.51 32.13 25.39 0.00559 32.05 35.35 32.15 25.15 0.00573 0.909 0.845 �0.70 �0.88 0.22

6 LiCl 20 30 35 35 0.02155 4 0.5 8 0 5000 1 3 28.11 29.58 33.43 24.88 0.01319 28.15 29.56 33.42 24.91 0.01312 0.484 0.535 0.63 0.83 �0.46

7 LiCl 20 30 35 35 0.02155 4 0.5 8 0.3 0 1 3 29.89 31.83 32.60 28.7 0.00843 30.02 31.87 32.57 28.74 0.00823 0.765 0.678 1.23 1.50 �1.16

8 LiCl 20 30 35 35 0.02155 4 0.5 8 0.3 5000 1 3 27.12 28.29 33.61 26.92 0.01415 27.14 28.27 33.60 26.98 0.01412 0.427 0.457 0.71 0.40 �0.05

9 LiCl 20 30 35 35 0.02155 4 0.5 2 0 0 1 3 29.32 36.90 32.56 28.87 0.00817 29.34 36.74 32.57 28.77 0.00822 0.766 0.678 �0.41 �0.38 0.06

10 LiCl 20 30 35 35 0.02155 4 0.5 32 0 0 1 3 32.18 32.97 32.25 24.45 0.00633 32.18 32.93 32.26 24.31 0.00638 0.871 0.832 �0.36 �0.33 �0.03

11 LiCl 20 30 35 35 0.02155 4 0.15 8 0 0 1 3 31.23 33.38 27.73 25.69 0.00749 31.23 33.17 27.77 25.42 0.00759 0.802 0.761 �0.55 �0.72 �0.05

12 LiCl 20 30 35 35 0.02155 4 4.0 8 0 0 1 3 29.65 31.59 34.65 27.41 0.00728 29.66 31.61 34.65 27.38 0.00728 0.820 0.741 0.00 0.00 �0.07

13 LiCl 20 30 35 35 0.02155 16 0.5 8 0 0 1 3 23.37 28.05 32.17 23.25 0.00582 23.36 28.04 32.18 23.17 0.0059 0.899 0.872 �0.35 �0.51 0.23

14 LiCl 20 30 35 35 0.02155 2 0.5 8 0 0 1 3 37.91 39.05 32.59 28.69 0.00837 38.01 38.99 32.59 28.59 0.00834 0.759 0.676 0.00 0.23 �0.45

15 LiCl 20 30 35 35 0.03289 4 0.5 8 0 0 1 3 36.36 39.92 30.77 27.6 0.00835 36.36 39.66 30.79 27.28 0.00847 0.849 0.793 �0.48 �0.49 �0.04

16 LiCl 20 30 35 35 0.01059 4 0.5 8 0 0 1 3 26.46 28.06 34.02 23.75 0.00543 26.48 28.09 34.02 23.7 0.00544 0.798 0.778 0.00 �0.19 �0.10

17 LiCl 20 30 35 25 0.01913 4 0.5 8 0 0 1 3 28.58 30.66 32.64 23.98 0.00619 28.56 30.57 32.64 23.89 0.0062 0.863 0.788 0.00 �0.08 �0.20

18 LiCl 20 30 35 45 0.02155 4 0.5 8 0 0 1 3 33.24 36.4 32.37 26.72 0.00704 33.29 36.32 32.38 26.56 0.00709 0.831 0.799 �0.38 �0.35 �0.07

19 LiCl 20 30 40 35 0.02155 4 0.5 8 0 0 1 3 32.71 36.08 36.7 25.75 0.00478 32.71 35.94 36.71 25.57 0.00487 0.882 0.822 �0.30 �0.54 0.09

20 LiCl 20 30 10 35 0.02155 4 0.5 8 0 0 1 3 26.26 27.30 9.65 24.07 0.01647 26.32 27.4 9.64 24.03 0.01638 0.603 0.657 2.78 1.74 �1.10

21 LiCl 20 25 35 35 0.02155 4 0.5 8 0 0 1 3 31.14 33.97 32.3 24.92 0.00650 31.17 33.89 32.31 24.79 0.00657 0.860 0.816 �0.37 �0.47 0.09

22 LiCl 20 35 35 35 0.02155 4 0.5 8 0 0 1 3 31.76 34.43 32.35 26.15 0.007 31.77 34.35 32.35 25.99 0.00703 0.834 0.776 0.00 �0.21 �0.19

23 LiCl 65 45 35 35 0.02155 4 0.5 8 0 0 1 3 51.37 49.88 37.56 55.21 0.03352 51.61 50.1 37.46 55.16 0.03307 0.329 0.415 �4.07 �3.91 2.38

24 LiCl 65 55 35 35 0.02155 4 0.5 8 0 0 1 3 52.01 50.68 37.69 55.85 0.03399 51.97 50.44 37.71 55.92 0.03406 0.357 0.442 0.74 0.56 �0.47

25 LiCl 65 55 35 35 0.02155 64 2 64 0 0 1 3 63.17 61.92 36.53 62.21 0.05069 63.15 61.92 36.56 62.18 0.05125 0.848 0.862 1.92 1.89 �1.34

26 LiBr 65 55 50 35 0.02155 4 0.5 8 0 0 1 3 53.67 52.30 52.26 56.98 0.03154 53.66 52.13 52.26 57.04 0.03156 0.365 0.476 0.00 0.20 �0.23

27 LiBr 20 30 50 35 0.02155 4 0.5 8 0 0 1 3 31.31 34.14 46.88 25.41 0.00604 31.32 34.06 46.9 25.26 0.00612 0.861 0.809 �0.65 �0.52 0.10

28 CaCl2 65 55 35 35 0.02155 4 0.5 8 0 0 1 3 45.60 44.30 40.60 51.35 0.04753 45.35 43.59 40.73 51.46 0.04803 0.314 0.341 2.27 1.89 �1.64

29 CaCl2 20 30 35 35 0.02155 4 0.5 8 0 0 1 3 29.09 30.97 33.19 24.94 0.01092 29.13 30.95 33.18 24.88 0.01089 0.766 0.740 0.55 0.28 �0.37

Definitions for relative errors: en ¼ ðna
o � nn

oÞ=ðni � nn
oÞ, eW ¼ ðW n

a;o �W a
a;oÞ=ðW n

a;i �W n
a;oÞ, eh ¼ ðhn

a;o � ha
a;oÞ=ðhn

a;i � hn
a;oÞ.

Definitions for effectiveness values: eW ¼ ðW a;i �W a;oÞ=ðW a;i �W eðtf ;i; ns;iÞÞ, eh ¼ ðha;i � ha;oÞ=ðha;i � heðtf ;i ; ns;iÞÞ.
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conditions. Parameter profiles were presented in Fig. 3.
From this figure, it can be apparently seen that the temper-
ature difference between fluid stream and desiccant solution
is not a simple exponential function of the space coordinate
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Fig. 3. Parameter distributions for different flow arrangements using LiCl
solutions under a typical condition with tf ;i ¼ 20 	C, ts;i ¼ 30 	C, ni = 35%,
ta;i ¼ 35 	C, W a;i ¼ 0:02155 kg=kg ðaÞ, C�f ¼ 4, C�s;i ¼ 0:5, r = 8, Rh ¼ 0,
RhD ¼ 0, r=Lef ¼ 1, NTU = 3.
NTUx. Thus, the logarithmic mean temperature difference
as suggested by Hellmann and Grossman [3] is not appro-
priate. In addition, the interface temperature does not vary
linearly with the space coordinate. Though not shown in
Fig. 3, water content and enthalpy of air at the solution–
air interface do not vary linearly with the space coordinate
too. Nevertheless, the analytical results are in quite satis-
factory agreement with the results of numerical integra-
tions. Actually, the relative errors were found to be
uniformly less than 2%. For a systematic comparison, sim-
ulation results for a set of typical operating conditions were
presented in Table 2. From this table, it can be found that
the maximum relative errors in absolute values are 4.07%
for no, 3.91% for W a;o and 2.38% for ha;o. Actually, few
cases with some unconventional operating conditions have
the maximum errors greater than 2%. The averaged errors
are much smaller, only 0.79% for no, 0.77% for W a;o and
0.46% for ha;o. This error information further shows the
satisfactory agreement between the results of analytical
solution and numerical integrations. Thus, the validity of
the analytical method was demonstrated.

Further, the performance of the internally cooled or
heated desiccant units will be analyzed briefly in the follow-
ing discussions with the aid of the calculated distributions
and effectiveness values. Firstly, the effect of flow arrange-
ment on the performance of the units will be analyzed
briefly. It is seen that the flow arrangement of Fig. 2a gives
the highest dehumidification performance. This can be
explained in terms of the averaged air side mass transfer
potential, i.e., the humidity ratio difference between the
air and the solution–air interface. With flow arrangement
of Fig. 2a, the air flows countercurrently to the solution
and fluid streams. The most humid air enters the exchanger
in contact with a solution of the highest temperature and
lowest concentration and, in consequence, of the highest
equilibrium humidity ratio at the interface. Marching on
its flowing direction, the air is kept in contact with increas-
ingly cooler and more concentrated desiccant solution
except for a small entrance region of the solution. This
makes the flow arrangement of Fig. 2a have a more uni-
form distribution of mass transfer potential than the other
flow arrangements. For similarity, the uniformity principle
for the temperature difference in a heat exchanger [20]
should also apply for the mass transfer potential in a mass
exchanger. That is, the most uniform distribution will give
the greatest averaged mass transfer potential and, in conse-
quence, the highest dehumidification performance. For the
same reason, it is easy to understand why the flow arrange-
ment of Fig. 2d gives the lowest dehumidification perfor-
mance. Similar reason can also apply for the internally
heated liquid desiccant regenerators. For simplicity, later
discussions on more detailed performance analysis were
only made of the flow arrangement of Fig. 2a.

The unit performances can also be analyzed by their
effectiveness values. In Table 2, both humidity and
enthalpy effectiveness values are presented. In definitions
(also shown in Table 2), the equilibrium humidity
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W eðtf ;i; ns;iÞ and the equilibrium enthalpy heðtf;i; ns;iÞ are the
extremity values that could only be reached by air through
an infinitely large heat and mass exchanger. Under base
case conditions (case 1) and the conditions of cases 27
and 29, the humidity effectiveness values are greater than
the enthalpy ones though r=Lef is equal to unity. This is
due to the fact that the internal heat transfer resistance
from fluid to solution or solution interface causes only a
relatively less significant elevation in equilibrium humidity
ratio than in temperature at the interface. Thus, a less sig-
nificant reduction in air side mass transfer potential than in
heat transfer potential results. Increasing the internal heat
transfer resistances decrease the humidity effectiveness val-
ues less significantly than the enthalpy ones (cases 7 and 9).
Of course, a more significant elevation is observed in the
enthalpy effectiveness value than in the humidity effective-
ness value with a decreased internal heat transfer resistance
(case 10). However, this phenomenon will be reversed for
the regeneration applications (cases 23–26, 28). While the
internal heat transfer resistances causes the internal
temperature drops, the equilibrium humidity ratios at the
interfaces will be more significantly reduced due to the
large slopes of equilibrium humidity ratio (et) at high
solution temperatures. Thus, special attentions should be
paid to reduce the internal heat transfer resistance to
improve the regenerator design (case 25). By comparing
cases 1–3, it is observed that both effectiveness values
decrease with the decreasing NTU values, or vice versa.
With r=Lef ¼ 0:5 (case 4), the air side mass transfer con-
ductance is greatly reduced in relative to the heat transfer
conductance and thus a greater reduction in the humidity
effectiveness value than in the enthalpy effectiveness value
results. The opposite phenomenon can be observed with
r=Lef ¼ 1:5 (case 5). Cases similar to those discussed in ref-
erence [3] with negligible solution film heat transfer resis-
tances and equal mass transfer coefficients on both the
solution side and air side (i.e., RhD ¼ 1) were also simu-
lated. However, simulation results showed negligible effects
of solution film mass transfer resistances and are thus not
presented in Table 2. The reason can be given as follows.
With negligible solution film heat transfer resistances, Eq.
(6) can be approximately rewritten as ðW s � W IÞ ¼
ð�enRhDÞðW I � W aÞ. For the desiccant solutions utilized,
water is easily soluble and en is much less than unity. Thus,
ðW s � W IÞ 
 ðW I � W aÞ and liquid phase mass transfer
resistance can be negligible. In order to demonstrate the
effect of liquid phase mass transfer resistances, a much
greater mass transfer coefficient ratio of RhD ¼ 5000 is uti-
lized in simulations (cases 6 and 8). Results show some
more significant reductions in the humidity effectiveness
value than in the enthalpy effectiveness value. Reducing
the solution mass flow rate (case 11) will increase the con-
centration change of solution. This will reduce the aver-
aged mass transfer potential and finally reduce the
humidity effectiveness value. However, an increased
humidity effectiveness value will not always be observed
with an increased solution mass flow rate (case 12). Too
much higher solution mass flow rate may prevent hot inlet
solution to be cooled effectively. This will result in an ele-
vated interface humidity ratio and reduce the mass transfer
potential. Thus an optimum solution mass flow rate for hot
inlet solution conditions exists. By comparing cases 13 and
14 with case 1, it is observed that the higher the fluid mass
flow rate is, the more effectively the solution is cooled and
the higher the heat and mass transfer potentials and perfor-
mances result. Cases 15–22 show that both the air and
solution inlet conditions affect the dehumidification perfor-
mances. The hotter or the dryer the air inlet conditions,
the lower the dehumidification performances due to the
reduced mass transfer potential. The same reason is
responsible for the lower dehumidification performances
with the hotter or more dilute inlet solution conditions.
Precooling or preheating the air and solution in dehumid-
ification or regeneration units, respectively, may help to
improve the unit performances. In conclusion, the humid-
ity and enthalpy effectiveness values are affected by all
the control parameters ( _mR;i or C�s;i, C�f , r, r=Lef , Rh, RhD

and NTU) and inlet conditions. This result indicates that
the easy to use model may not be appropriate for a broad
range of applications as discussed above.

8. Conclusion

The characteristic of internally cooled or heated liquid
desiccant–air contact units under more practical than con-
ventional operating conditions was discussed. One-dimen-
sional differential equations were utilized in the present
study to describe the heat and mass transfer processes in
such units with parallel/counterflow configurations. The
effects of solution film heat and mass transfer resistances,
the variation of solution mass flow rate, non-unity value
of Lewis factor and incomplete surface wetting conditions
were also considered in the model equations. An analytical
approach was developed that combines the simplicity of
solution and accuracy of a detailed model. Through com-
parison, results of analytical solutions were found to be
in quite satisfactory agreement with those of numerical
integrations.

The performances of the internally cooled or heated
liquid desiccant–air contact units were also analyzed.
Among the four possible flow arrangements of the parallel/
counterflow configurations, the flow arrangement with
air flowing countercurrently to the fluid and solution
streams gives the best performance. Increasing C�f , r, r=Lef ,
NTU and decreasing Rh, RhD increase the unit
performances. However, on optimum solution mass flow
rate may exist so that the air side mass transfer potential
can be maximized. Special attentions should be paid to
reduce the internal heat transfer resistance to improve the
regenerator design. The air and solution inlet conditions also
affect the unit performances too. Precooling or preheating
the air and solution in dehumidification or regenera-
tion units, respectively, will help to improve the unit
performances.
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Appendix A. Coefficients matrix F and vector g for Eq. (39)

For case of Fig. 2a,

F ¼ ðfijÞ4�4 ¼

1 �1 b12 b13

0 1 b22 b23

0 et
�hfg b32 b33 � D0

C�f C�s B0 B2

0
BBBB@

1
CCCCA ðA-1Þ

g ¼ ðgiÞ4 ¼

b11#f ;i þ D1#s;i þ b13d

b21#f;i þ D2#s;i þ #a;i þ b23d

b31#f ;i þ D3#s;i þ ð1� D0ÞW a;i þ ðb33 � 1Þd
C�f#f ;i þ C�s#s;i þ B0#a;i þ B2W a;i

0
BBBB@

1
CCCCA

ðA-2Þ

For case of Fig. 2b,

F¼ ðfijÞ4�4 ¼

�b11 �1 0 0

�b21 1 �1 0

�b31 et
�hfg 0 D0� 1

C�f C�s B0 B2

0
BBB@

1
CCCA ðA-3Þ

g¼ ðgiÞ4 ¼

�#f ;iþD1#s;i� b12#a;i� b13W a;iþ b13d

D2#s;i� b22#a;i� b23W a;iþ b23d

D3#s;i� b32#a;iþ ðD0� b33ÞW a;iþ ðb33 � 1Þd
C�f#f ;iþC�s#s;iþB0#a;iþB2W a;i

0
BBB@

1
CCCA

ðA-4Þ

For case of Fig. 2c,

F ¼ ðfijÞ4�4 ¼

�b11 �1 b12 b13

�b21 1 b22 b23

�b31 et
�hfg b32 b33 � D0

C�f C�s B0 B2

0
BBB@

1
CCCA ðA-5Þ

g ¼ ðgiÞ4 ¼

�#f ;i þ D1#s;i þ b13d

D2#s;i þ #a;i þ b23d

D3#s;i þ ð1� D0ÞW a;i þ ðb33 � 1Þd
C�f#f ;i þ C�s#s;i þ B0#a;i þ B2W a;i

0
BBB@

1
CCCA ðA-6Þ

For case of Fig. 2d,

F¼ðfijÞ4�4¼

1 �1 0 0

0 1 �1 0

0 et
�hfg 0 D0�1

C�f C�s B0 B2

0
BBB@

1
CCCA ðA-7Þ

g¼ðgiÞ4¼

b11#f;iþD1#s;i�b12#a;iþb13ðd�W a;iÞ
b21#f;iþD2#s;i�b22#a;iþb23ðd�W a;iÞ

b31#f;iþD3#s;i�b32#a;iþðD0�b33ÞW a:iþðb33�1Þd
C�f#f;iþC�s#s;iþB0#a;iþB2W a;i

0
BBB@

1
CCCA

ðA-8Þ

In Eqs. (A-1)–(A-8), D1 ¼ �b11 þ b12 þ b13et
�hfg, D2 ¼

�b21 þ b22 þ b23et
�hfg, D3 ¼ �b31 þ b32 þ b33et

�hfg.
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